Actionable Information, Repeatability, Quantum Jumps, and the Wavepacket Collapse 
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Unknown quantum state cannot be discovered as the measured system is re-prepared - it jumps 
into an eigenstate of the measured observable. This impossibility to find out a quantum state and 
other symptoms of the wavepacket collapse follow (as was recently demonstrated for pure states of 
measured systems) from unitarity (that doesn't, however, allow for a literal collapse) and from the 
repeatability of measurements. Here we extend this result to mixtures and decohering systems. This 
accounts for quantum jumps in a macroscopic and open - but ultimately quantum - apparatus. 
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Repeatability of measurements - the demand that im- 
mediate re-measurement should give the same outcome 

- is a textbook postulate of quantum theory It is 
an extreme case of predictability that motivates the very 
idea of a state: States are useful because they allow for 
predictions. Repeatability is the simplest case. It allows 
one to confirm system is in a state in which it is known 
to be. In quantum theory, where usual attributes of exis- 
tence of states ~ e.g., the ability to find out what they are 

- are severely constrained, repeatability ties their role as 
a summary of information and their function as build- 
ing blocks of reality: Repeatability allows one to confirm 
that what is known to exist is indeed "out there" . 

Repeatability is also a necessary symptom of the wave- 
packet collapse. Quantum states are simultaneously de- 
termined and prepared by measurements. The long-lived 
0-01 but still lively debate about quantum measurements 
became, with the advent of decoherence and einselection 
[sl-flll. focused on symptoms of collapse one can repro- 
duce using only unitary evolutions, and whether repeata- 
bility and predictability are sufficient to account for per- 
ception of definite outcomes and classical reality. 

Recent progress includes demonstration [l2| that only 
orthogonal states of a system S, {u\v) = 0, can be repeat- 
ably measured and remain unchanged while they leave 
distinct (even if imperfect) imprints on other quantum 
systems (e.g., an apparatus A or an environment £). 
Thus, when information transfer from 5 to ^ is unitary; 



I An 



I") I A.) 



\v)\Ao 



\v)\A..) (1) 



and leaves states \u), \v) of S untouched (guaranteeing 
repeatability) preservation of scalar products implies: 



{u\v) = {u\v){A.M 



(2) 



follows. When {u\v) ^ this implies (yl„|A„) = 1. Con- 
sequently, |A„) and \Ay) can differ only when = 
- that is, when dividing both sides of Eq. (2) by is 
illegal. So, extracting information that distinguishes \u) 
from \ v) is possible only when \u) and \v) are orthogonal. 

For pure states this accounts for the "business end" of 
the collapse postulate: Measurements that respect uni- 
tarity cannot reveal unknown states of the system. Thus, 



sets of quantum states that can exist in a sense that ap- 
proximates classical existence - states that can survive 
multiple confirmations of their identity ~ must be orthog- 
onal. Their superpositions are perturbed when measured 
by A, as cx\u) -|- /3|v) will entangle with the apparatus: 
{a\u) + m)\A^) ^ o\u)\A^) + /3|w)|A„). Eq. (2) also 
justifies (using quantum ingredients) textbook demand 
for observables to be Hcrmitcan. Generalization to when 
systems that receive information (above, v4) are mixed 
is possible [l^, [3 • This allows mixed states of A or an 
environment, as E plays a role of A in decoherence. 

Orthogonality implied by (2) signals emergence of 
pointer states [13l Il4| . They appear because information 
transfer is in a sense nonlinear: To find out a state, as in 
cloning [l5l - [l7| . one demands a copy of the preexisting 
state of S. Tension between this nonlinear demand and 
linearity of quantum evolutions can be reconciled only 
for selected orthogonal sets of states. Information trans- 
fer leads to preferred basis that breaks unitary symme- 
try of the Hilbert space Us- Superpositions of preferred 
states are still legal: They persist in isolation, but can- 
not be found out by the same measuring device. Exis- 
tence (persistence attested by many copies in the records 
kept by measuring devices or environments) is recovered 
at the price of unitary symmetry breaking that singles 
out states which survive measurements. In decoherence 
theory (8l-[TT| ability to withstand scrutiny of the environ- 



ment defines preferred, einselected pointer states [13|, 14 . 
Their resilience is crucial in quantum Darwinism 19- 
[23 |. Quantum Darwinism derives objective reality from 
multiple copies of information about preferred states of 
the system deposited in the environment by decoherence. 
The ability of the originals to survive copying is then es- 
sential. As we have seen, emergence of such preferred 
states can be deduced without delving into the structure 
of Hamiltonians (which is the usual approach). 

Repeatability is a special case of predictability. Pre- 
dictability sieve [2^, [2^ selects pointer states based on 
their immunity to interactions with £. We study the case 
when copied system can be perturbed, but changes of the 
original do not affect copies. This can happen when dif- 
ferent original microstates of S produce the same copy 
with only partial (coarse-grained) information about it. 
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To motivate our study we note that measurements 
on microscopic systems are rarely repeatable. A state 
of the measured system is usually altered, and some 
systems disappear completely (photons are usually ab- 
sorbed when detected). Where measurements of quan- 
tum systems are concerned, exceptions (i.e., "nondemo- 
lition measurements") to this "mistreatment" are rare, 
approximate, and generally very expensive to implement. 

By contrast, records - states of memory - are faith- 
fully preserved. For instance, apparatus pointer can be 
consulted and read off by many. Similar resilience un- 
der scrutiny characterizes classical systems. Yet, memory 
of a measuring device, or, indeed, any effectively classi- 
cal system is made out of quantum components, so it is 
ultimately quantum. Therefore, states of such systems 
(including records of measurement outcomes carried out 
using macroscopic apparatus) are, ultimately, quantum. 
Thus, the ease of finding such states - of copying memory 
content without worries about repeatability (i.e., reliabil- 
ity of the records) and without nondemolition measure- 
ments - may be surprising. However - and this is the key 
hint to how repeatability [l[ can be relaxed - the com- 
plete microscopic state of the memory device need not 
be copied or even faithfully preserved by the readout. 
Indeed, memory devices are immersed in their environ- 
ments, and their microscopic states are largely ignored 
by readout, i.e., by the copying. Only a small subset of 
degrees of freedom that contain the record is accessed. 

In practice repeatability is established by comparing 
copies. Records they reveal (the copies per se) should tell 
the same story. Thus, when S is macroscopic, a memory 
device such as a RAM or an apparatus pointer, instead 
of Eq. (1) one should consider a system in a mixed state 
and a series (a, 6, c.) of copying transitions; 

p-s\Ao){A,\\A'M\... ^ p-s\AMMoWo\- , 

~p-s\Au){AMWo\- A 

Repeatability means repetition of records - the same sub- 
script labeling state of recording devices A, A' , etc. This 
allows differences between p^, pg, Pst-- We only demand 
that the property of S that affects states of A, A' , etc,, 
be unchanged by the acts a, b, c, ... of copying. 

Such identity of copies can arise in absence of the same- 
ness of originals, as is seen in a pure state example: 

\ui)\A„)\Ao) \ui)\A^)\Ao) 

\u2)\Ao)\Ao) \u2)\Au)\Ao) \ii2)\Au)\Au). (4) 

This can happen when |ui) and \u2) (and their "descen- 
dants" ) belong to the same degenerate subspace u of the 
observable measured on S. Linearity implies that their 
superpositions will also deposit the same record in A: 

ia\u^)+(5\u2))\Ao)\A',) ^ ... A ia\ii,)+(3\ii2))\Au)\K) 

(5) 

Thus, superpositions of states that belong to eigenspace 
u of the observable controlling evolution of A will result 



in the same record. States that leave different imprints on 
A, A', etc., have to - by reasoning that parallels Eq. (2) 
- belong to a different, orthogonal subspace, e.g., v _L u. 
Therefore, measured observable can be expressed as: 

6 = ^OfcPfc (6) 

A; 

We conclude this "pure degeneracy" case by noting that 
eigenspaces (such as u, v above) that induce different 
imprints on A while the underlying states of S remain 
confined inside them must be orthogonal. This consti- 
tutes an extension of the consequences of Eqs. (1), (2). 

Our reasoning applies to macroscopic, hence mixed S. 
To show how we write down "t;" counterpart of Eq. (3u): 

p^|^o)(v4o||A[,)(A[,|... , 
pl\A,){AMW- ^ Ps\A.){A,\\A'M\-^^''^ 

The reasoning used for pure states can be repeated. Uni- 
tarity implies preservation of the Schmidt-Hilbert norm: 

Trp>^ = Trp^p^ |(A„|A„)p (7a) 
Trp^p^= Tr^5^5|(A„|A„)|4 (76) 

Moreover, when states \ Au), \ Ay) that "tag" state of S are 
pure. TrpgPg = Tip^pg — ... follows - unitary evolution 
that preserves purity of tags also preserves eigenvalues of 
density matrices pg, pg. Hence, eigenstates \uk) (K'fe)) of 
Ps (Ps) t^^t span u (v) evolve as dictated by Eqs. (4, 5): 

\uk)\Ao) \uk)\A^), \vk)\Ao) — > \i,)\A,) 

Equality of Schmidt-Hilbert norms before and after tag- 
ging imphes that distinguishable tags (|(A„|A„)p < 1) 
can be imprinted on A only when Trp^p^ = Trp^p^ = 
... = 0. Otherwise, |(Au|A„)p = 1 - no information about 
S is acquired by A, and the measurement is a failure. 

The key idealization so far was the purity of the states 
of A. We now relax it and allow A not only to be mixed, 
but also to interact with a decohering environment £: 

PsPOAPOA' ■■■PoAf''^ ■■■P0£ ^ 0SAA'...A(>'h..£ ' (^") 

PsPOAPOA' ■■■PoAW ■■■P0£ > 9sAA'...A(>'\..£ ' (^^) 

The composite state Q^g_^_^, _^(k) g obviously contains in- 
formation distinguishing it from Q"gj^j^, j^{k) but we 
want it contained in every A'^^^ and check if it is reflected 
in the reduced p^^k) obtained from ^(t) £• To 

verify this we devise an operational test: Information 
distinguishing u from v is present in A'-'^'' when it is ac- 
tionable^ i.e., when there exists a unitary hijj^k)j- coupling 
A^^'' with a test system T that can transform its state 
from initial tq to distinct t„ or : 

SsAA'...A<->')...e ® ^0 "-^'^ QlAA'...Ai>')...£ ® ^" ' (9") 
SlAA-...Ai'')...£ ® ^0 "^'^ £'IaA'...AW...£ ® ' (9^) 
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The state of T need not be pure. However, density 
matrices Tq, t„, r„ should form a product state with 
other systems (as emphasized by notation) , so that while 
eigenstates of the density matrix representing T ro- 
tate conditionally in response to the record in 
its eigenvalues remain unchanged. That is, p^^k) a-nd 
p^(fc) should act as two logical states of the control 
qubit in a cnot, while T acts as target qubit. It is 
now straightforward to see (using Eqs. (8), (9), and 
preservation of Schmidt-Hilbert norm under Uy^(k)j-) that 
as long as differs from r„, i.e. Tr t„Ti, < Tr Tq, 
we necessarily have: Tr p^p'^{poAPoA' --PoAm ■■■Poc)'^ = 

^SAA'...A(''->...s^SAA'...A(''h..S = 0' "^^^'^'^ immediately 
implies orthogonality of the record states of S: 

Tr p^sPs = (10) 

for mixed, decohering ^'s. 

We have now established that actionable information 
about S can be repeatedly passed on to other quantum 
systems A^^'' only when it concerns orthogonal subspaccs 
of S. This is our main result. It is a vast extension of 
Ref. [l^l , relevant for mixtures of S that can be affected 
by measurement or decoherence. It implies discreteness 
(the reason for quantum jumps) in realistic settings. 

A few comments are in order. We first note that ac- 
tionable information wc have tested for above is local; It 
resides in a specific A^'''' . This is assured by the condi- 
tional evolution operator Uy^(k)j- that couples only ^f'^' 
to T. This need not be always the case: Actionable in- 
formation may reside in nonlocal correlations between 
systems. We shall see such an example below. 

Definition of actionability can be extended by allow- 
ing non-unitary evolutions implemented with the help of 
ancillae and/or environments. Care must be taken, how- 
ever, with such extensions: When actionability is meant 
to test if the information resides in A^''^ , one must assure 
that it is not supplied by £, ancilla, or the correlations 
with or between them. To ascertain this one should start 
such additional systems in a product state that has no 
record of the outcomes etc., as was done with £ on 
the RHS of Eq. (8). One interesting generalization is 
the possibility of very different ^'s (e.g., computer mem- 
ory, piece of paper, etc.) in which copies are stored. Ac- 
tionability can be still defined by choosing a fc-dependcnt 

unitary ^^(l)-^- that suites the nature of the specific A^''^ . 

Our assumptions above result in discreteness - they 
suffice to prove orthogonality of record states of S. They 
are not overwhelmingly strong - all we have asked for 
was existence of some unitary that can cause a suitable 
conditional evolution of some state of T. Still, it is in- 
teresting to en quir e whether these assumptions can be 
further relaxed [23|. Note that while mixed states of A 
and T arc allowed, product structure of the final state, 
Eq. (9) (rather than purity of A or T) was key for the 
proof |28| . 

We conclude that only orthogonal states (of S) can 
act as originals for an unlimited numbers of copies (in 
^'s). However, it is also well known that many outcome 



states detected in actual measurements are not orthogo- 
nal. Measurements that result in such outcomes are not 
repeatable - there is no contradiction - but it is impor- 
tant to see how this "fact of life" fits into our discussion. 

The answer is simple, and we have anticipated it ear- 
lier: Only records of outcomes need to be orthogonal, as 
only they - and not the original quantum states of the 
microsystem - need to be repeatedly accessible. This sug- 
gests how positive operator valued measures (POVM's) 
that do not correspond to orthogonal outcomes arise: It 
is natural to define POVM using non-commuting Hcrmi- 
tian observables [29l | . A simple example is a measurement 
of non-commuting Y and Z with the eigenstates 
and {l^;}}. The measurement of Y followed by a mea- 
surement of Z is associated with a pair of numbers fc, / 
that correspond to outcomes 1?;^) and \zi). The operator: 

F^'^(fc,0 = \y,){yk\Ul\zi){zi\Ut\yk){yk\ 

describes the effect of the measurement of Y (outcome 
k) followed by the free evolution Ut followed by the mea- 
surement of Z (outcome I) on the system. It is clear 
that F^'^ {k, I) are Hermitian and non-negative definite, 
but - unless [Y,U^ZUt] = - they are not projectors. 
Indeed, there are too many F^'^{k,l) to be orthogonal 
projectors in Jis- Yet, they resolve the identity opera- 
tor: X^fe -^^'^(^i = Is- The probability of record 
{k, I) is pk^i = TiF^'^{k, l)p{Q)- This example shows how 
POVM's can arise alongside the repeatability of records. 
Moreover, this is a realistic example: Monitoring of the 
same observable (such as position) of an evolving system 
such as a harmonic oscillator is covered by it, as, in gen- 
eral, [X ,Uj XUt] 7^ 0. Measurements of non-commuting 
observables (X and P) can be treated similarly. 

The discussion so far has used (in contrast to p^ . 
where pure states and scalar products sufficed to arrive 
at orthogonality) density matrices and Hilbert-Schmidt 
norm. This is certainly "legal", but it is possible to re- 
peat derivation of quantum jumps using a purification 
procedure. Strictly speaking, this is unnecessary (after 
all, density matrices are a well-established way of repre- 
senting states) but, as we shall see, purification yields 
new perspective on quantum jumps and actionability. 
Additional motivation stems from the use of quantum 
jumps in the derivation [30l - [3^ of Horn's rule [33| . where 
they define "events" . Emergence of events from unitar- 
ity and repeatability sets the stage for probabilities. It 
is therefore important to carry out the discussion that 
motivates probabilities without appealing to Horn's rule. 
We have adhered to this goal above, and we have used 
density matrices only as mathematical tools (e.g., never 
appealing to their probabilistic interpretation). It is nev- 
ertheless reassuring that the proof can be repeated using 
only pure states: This should put to rest any suspicions 
about the possible circularity in motivating events - a 
prelude to the envariant derivation of Horn's rule. 

Our strategy is simple: Mixed state of S can be always 
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represented by a Schmidt decomposition of a pure state: 

k 

The density matrix of S is then = Tr^. |rf '5')(rf -5' |. 
Consider now a unitary interaction of S prepared in two 
states \r^^') and \T^^') with A: 

|rf'5')|^o>l^;,>... ^ \Ti^')\AM)- ^ \rr')\Au)\A'^)... 

{Uu) 

|rr>l^o>l^;,>... ^ |rr>IA>l^o>- ^ |rDl^.>l^;>- 

Repeatabihty impHes that: 

(rf^'|rf'5') = (ff'5'|ff'5')(^„|^„) 
(ff^'lff > = (rnrf')«l^:-) 

As before, unitarity means that scalar products are pre- 
served. Hence, we are now led to conclude that A (or 
A') can acquire distinct states that register even partial 
differences between iFf*^ ) and \Tf,'^ ) only when: 

(rnrf^'> = El^^l'(^^"l'^^') = o (12) 

k 

Above, we recognized that the purifier S' was unaffected 
by the interaction of S and A, so that {<t'j^\<t'i) = Ski- 

The above condition is also the promised example of 
actionable information that is non-local. Equation (12) 
differs from the simpler demand that the states of S 
which can be repeatably copied should be orthogonal. 
It is of course satisfied when {(t^\<jI) = Suv Vfc, but this 
is not necessary: Scalar products {(J^Wk) can have com- 
plex values or even just alternating signs such that while 
individual terms differ from zero, their sum in Eq. (12) 
adds up to 0. Bell states offer a simple example: 

|7r> = (|0)5|0)5'±|l)5|l)5')/^/2 

For both of these states reduced density matrices are the 
same, = p'? oc 1, so it is obviously impossible for 
A that interacts only with S to detect any difference be- 
tween them. There can be no local actionable information 
in the state of S. Yet, in accord with Eqs. (2) and (11); 

|7r)l^o)->l7±)|A±) 



is allowed, as (7!'^' |7|'^') = 0. As in Eq. (12), orthogo- 
nality is enforced on the composite state in Hss' ■ ■A- ac- 
quires information about global property of SS' , relative 
phase distinguishing the two Bell states. Local interac- 
tions of A with S alone cannot be used to find out (copy) 
phases of Schmidt coefficients as can be seen using envari- 
ance (30l - [3^ : Global phases have no local consequences. 



This paper generalizes the derivation of quantum 
jumps DJ to macroscopic quantum system, such as a 
measurement apparatus. Macroscopic apparatus is open 
(and. hence, can decohere), so distinct records corre- 
spond to mixed states. Repeatability does not require 
preservation of microscopic states - they can be per- 
turbed as long as their salient properties that determine 
state of the copies are preserved. Other interesting gen- 
eralizations include [34| - [37| . In particular, work of Luo 
and Wei [3^ suggests a connection of quantum jumps 
and no-broadcasting theorems. We have not used no- 
broadcasting theorems because coarse-graining is key for 
the problem we have formulated. Thus, instead of repli- 
cating a complete mixed state we are abstracting only 
some aspects of that state to determine the states of the 
copies. Orthogonality of distinct sets of original states 
that correspond to e.g. different records in the appara- 
tus (now represented by whole subspaces of the Hilbert 
space) parallels orthogonality of pure states in [l^] . Both 
follow from the basic quantum theory - superposition 
principle, unitarity, and repeatability. In both cases dis- 
creteness of quantum jumps - key symptom of collapse 
- is a consequence of the core quantum postulates, and 
(contrary to the standard textbook lore) does not need 
to be postulated by additional axioms. Our derivation 
confirms Bohr's intuition about the role of information 
transfer, but relied only on unitary evolutions. I believe 
that - as decoherence - it can be adapted to fit cither 
post-Copenhagen or post-Relative States point of view. 
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